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Abstract
Using the N = 4, 1D harmonic superspace approach, we construct a new type of
N = 4 supersymmetric mechanics involving 4n-dimensional Quaternion-Ka¨hler
(QK) 1D sigma models as the bosonic core. The basic ingredients of our construc-
tion are local N = 4, 1D supersymmetry realized by the appropriate transfor-
mations in 1D harmonic superspace, the general N = 4, 1D superfield vielbein
and a set of 2(n+ 1) analytic “matter” superfields representing (n+ 1) off-shell
supermultiplets (4,4,0). Both superfield and component actions are given for
the simplest QK models with the manifolds HHn = Sp(1, n)/[Sp(1)×Sp(n)] and
HPn = Sp(1+n)/[Sp(1)×Sp(n)] as the bosonic targets. For the general case the
relevant superfield action and constraints on the (4,4,0) “matter” superfields are
presented. Further generalizations are briefly discussed.
PACS: 11.30.Pb, 11.15.-q, 11.10.Kk, 03.65.-w
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1 Introduction
Supersymmetric sigma models in one dimension amount to various versions of Super-
symmetric Quantum Mechanics (SQM) [1]. They reveal interesting geometric proper-
ties. Sometimes they can be obtained by a direct reduction from higher-dimensional
supersymmetric theories and so inherit the target geometries associated with the latter.
But there exist a wide variety of SQM models which cannot be related in this way to
any their higher-dimension analogs. They surprisingly feature the specific geometries
inherent just to the one-dimensional case [2–4].
A notorious example is hyper-Ka¨hler (HK) sigma models. HK manifolds are target
manifolds of the N = 2, 4D sigma models associated with a general self-interaction
of hypermultiplets [5, 6]. The most general models of this kind are formulated in
N = 2, 4D harmonic superspace [7, 8], where hypermultiplets are represented by an-
alytic harmonic superfields q+(ζ, u) with an infinite number of auxiliary fields. The
relevant off-shell actions were constructed in [9, 10]. The geometric interpretation of
the corresponding superfield Lagrangians as the unconstrained analytic HK poten-
tials was further given in [11]. The direct reduction of these actions to 1D yields
N = 8 supersymmetric mechanics with 4n dimensional HK manifolds as bosonic tar-
get spaces. However in 1D one can construct an N = 4 SQM with a generic HK
target space [12,13] which can by no means be obtained through the dimension reduc-
tion from higher dimensions. This model can be also extended to the so called HKT
(“hyper-Ka¨hler with torsion”) SQM models (see, e.g., [14] and references therein) ,
and, further (for n ≥ 2), to the N = 4 SQM model with yet a more general target
space geometry [2, 3].
When coupled to N = 2, 4D supergravity, the hypermultiplet HK sigma models
are deformed to those with the Quaternion-Ka´hler (QK) manifolds as the target [15].
The deformation parameter is Einstein constant, and when it is sent to zero, the QK
targets contract into the HK ones arising as the “flat limit” of the former. The harmonic
superspace formulation of these sigma models along the same line as in the HK case,
was given in [16–19]. Up to now no SQM model with the QK target geometry has
been constructed. The basic reason seemingly was the difficulties with accounting for
the supergravity quantities in the quantum-mechanical context, so as to ensure, in
one or another way, the original local supersymmetry and local SU(2) automorphism
symmetry.
The basic aim of the present paper is to fill up this gap and construct N = 4
supersymmetric mechanics with an arbitrary QK bosonic target. We do it on the
classical level, leaving the case of the full-fledged QK N = 4 SQM for the future study.
Our construction does not refer to any kind of dimensional reduction, it is intrinsically
one-dimensional. We will use the formalism of off-shell 1D harmonic superspace [20] as
the most appropriate one for constructing N = 4, 1D supersymmetric sigma models
[13]. Our starting point is a minimal local extension of the semi-direct product of rigid
N = 4, 1D supersymmetry and automorphism SU(2), such that it is isomorphic to the
1
classical (having no central charge) small N = 4 superconformal group. Then a rather
simple modification of the N = 4 action describing general N = 4, 1D HK sigma
model yields, upon fixing a gauge with respect to the time reparametrizations and
local supersymmetry, the N = 4, 1D sigma model with a generic QK target manifold
in the bosonic sector. We consider, in some detail, the simplest examples of N = 4
QK mechanics based on the “maximally flat” HHn and HPn sigma models.
We start in Section 2 by giving some details of the bosonic Lagrangians of the
1D QK sigma models just mentioned. In Section 3 we introduce the basic superfields
we will deal with, and define the appropriate N = 4, 1D “supergravity”, which is
one of the basic ingredients of our construction. In Section 4 we build the invariant
superfield and component actions for the HHn and HPn examples. Section 5 is devoted
to a generalization to the case of generic QK manifolds. Some further generalizations
are sketched in the concluding Section 6. The Appendices A, B and C collect various
technical details, including the full set of the local transformations of the component
fields (Appendix A) and the basic quantities of theHHn andHPn geometries (Appendix
C).
2 Warm-up: One-dimensional QK sigma models
As the natural point of departure, we will start with presenting the 1D actions of the
simplest QK sigma models associated with the cosets HHn = Sp(1, n)/[Sp(1)×Sp(n)]
and HPn = Sp(1 + n)/[Sp(1) × Sp(n)]. In the next Section we will construct their
N = 4, 1D supersymmetric extensions. We will basically follow [19] where the general
action of bosonic QK sigma models, as well as its particular HHn and HPn examples,
were given in the form most convenient for our purposes.
The starting point is the HHn action, given by formula (2.72) in [19] which we
dimensionally reduce so that the involved fields have no space dependence:
SHH = =
∫
dt L(t) =
1
2
∫
dt { ( ˙ˆF ˙ˆF ) + κˆ2 (Fˆ(ir ˙ˆF j) r)(Fˆ (is ˙ˆF j)s)
− κˆ
2
2
1
1 + κˆ
2
2
Fˆ 2
(Fˆ
˙ˆ
F )(Fˆ
˙ˆ
F ) } . (2.1)
Here, the scalar fields Fˆ ir, r = 1 · · ·2n, i = 1, 2 obey the conjugation properties
(Fˆ ir(x)) = Ωrsεik Fˆ
ks(x) , (2.2)
where Ωrs = −Ωsr , Ω rsΩ st = δ rt , is the totally antisymmetric constant Sp(n) metric,
and ε12 = 1 = −ε21 , εikεkl = δli, and Fˆ 2 = Fˆ irFˆir. In the process of dimensional
reduction 4D → 1D it was convenient for us to pass, from the original fields of the
mass dimension 1 and Einstein constant κ2 of dimension -2, to the dimensionless fields
and dimensionless κˆ2 by rescaling (f, F ) → ρ−1(f, F ), κ2 = ρ2κˆ2, [ρ] = m−1 . This is
allowed because the action (2.1) is defined up to an overall renormalization constant.
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The target space metric can be read off from (2.1)
gˆir js = εijΩrs − κˆ2εijFˆkrFˆ ks −
κˆ2
2
FˆirFˆjs
2 + κˆ
2
2
Fˆ 2
1 + κˆ
2
2
Fˆ 2
. (2.3)
The inverse metric is given by the expression
gˆir js = εijΩrs − κˆ
2
1 + κˆ
2
2
Fˆ 2
εijFˆ rk Fˆ
ks +
κˆ2
2
Fˆ irFˆ js
2 + κˆ
2
2
Fˆ 2
1 + κˆ
2
2
Fˆ 2
. (2.4)
With the change of variables:
F ir =
1√
2 |κˆ|ω Fˆ
ir, ω =
1√
2 |κˆ|
√
1 +
κˆ2
2
Fˆ 2, (2.5)
whose inverse is
Fˆ ir =
√
2 |κˆ|ω F ir = F
ir√
1− κˆ2
2
F 2
, ω =
1√
2 |κˆ|

 1√
1− κˆ2
2
F 2

 , (2.6)
the action (2.1) is rewritten as:
SHP =
1
2
∫
dt { 1
1− κˆ2
2
F 2
(F˙ F˙ ) +
κˆ2
[1− κˆ2
2
F 2]2
(FirF
i
s)(F˙
r
j F˙
js) } . (2.7)
The action (2.7) is invariant under the isometry Sp(1, n). The coset Sp(1, n)/[Sp(1)×
Sp(n)] transformations of F ir read
δF ir = λri − κˆ2λsjF rj F is . (2.8)
It is easy to check that two such infinitesimal transformations close to the homogeneous
ones:
[δ2, δ1]F
ir = −κˆ2 [(λsj1 λr2j − λsj2 λr1j)F is + (λsj1 λi2s − λsj2 λi1s)F rj ] , (2.9)
which just form the Sp(1)×Sp(n) subgroup of the total Sp(1, n) isometry. The trans-
formations (2.8) were derived in [17], [19] from the appropriate Sp(1, n) transforma-
tions of the harmonic superfields describing the matter and conformal compensator
hypermultiplets. This was made by fixing a gauge with respect to some local SU(2)
transformations and then modifying the original constant-parameter isometry by the
compensating local SU(2) transformation needed to preserve this gauge. This deriva-
tion will be repeated in Sect. 4 in the context of the considered 1D sigma model.
Let us verify that the action (2.7) is invariant under the transformations in (2.8).
First one can show that(
1− κˆ
2
2
F 2
)3
δ(2L) =
(
1− κˆ
2
2
F 2
)[
2κˆ2δF irFjrF˙
jsF˙is + 2
(
1− κˆ
2
2
F 2
)
F˙ ˙δF
+2κˆ2δFirF
i
sF˙
r
j F˙
js + 2κˆ2FirF
i
s
˙δF
r
j F˙
js
]
+ 2κˆ4(FδF )FirF
i
sF˙
r
j F˙
js. (2.10)
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Then we have to check the cancelations of the terms of the order κˆ6, κˆ4, and κˆ2. The κˆ2
order terms can be shown to vanish by appropriately changing the summation indices,
effectuating the derivatives and using the identity:
εii′εjj′ = εijεi′j′ − εi′jεij′. (2.11)
In order to check the vanishing of the κˆ4 term one must compute the coefficients of the
following structures:
F˙ isF˙js, λ
s′jF˙ isF˙j′s′, λ
s′jFi′s′F˙
isF˙ j
′r, (2.12)
together with the above mentioned identity, and its consequence
AiBj = BjAi + ǫijA
kBk , (2.13)
and also the evident antisymmetry of the terms of the form: F˙ rj F˙
js, FirF
i
s , under the
interchange of r and s. It remains to check the κˆ6 terms. One way to do it, is to use
the relation:
F 2FirF
i
sλ
s′j′Fjs′F˙
r
j′F˙
js =
1
2
F 2FirF
i
sλ
s′j′Fj′s′F˙
r
j F˙
js (2.14)
and, subsequently, the identity
Fj′s
(
Fis′F
i
r
)
+ Fj′s′
(
FirF
i
s
)
+ Fj′r
(
FisF
i
s′
)
= 0 , (2.15)
in order to represent the corresponding variation as a trace of the product of two ma-
trices, respectively symmetric and antisymmetric in the indices r, s, which is identically
zero.
Thus we have proved that the right-hand side of (2.10) is zero, and, hence, δL = 0 .
As a simple illustration we will consider the Sp(1, 1)/[Sp(1)× Sp(1)] sigma model.
In this case the index r takes the values 1, 2 and we replace it by the letter a: F ir →
F ia; a, i = 1, 2, Ωab = εab. The reality condition amounts to having two complex entries.
Indeed, using the matrix notation:
F ia → F =
(
z1 z2
z¯1 z¯2
)
: (F ia) = εaa′εii′ F
i′a′ , (2.16)
with the conjugation rules
z1 = z¯1 = z¯
2, z2 = z¯2 = −z¯1, (2.17)
the reality condition is satisfied. In terms of these new variables (2.7) becomes:
SHP =
∫
dt
z˙j ˙¯zj
(1− κˆ2 ziz¯i)2 . (2.18)
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The infinitesimal parameters λri corresponding to the isometry transformations can
also be written as:
λai → λ =
(
ǫ1 ǫ2
ǫ¯1 ǫ¯2
)
: (λai) = εaa′εii′ λ
a′i′ . (2.19)
Then the corresponding isometry transformations become:
δzi = ǫi − κˆ2(ǫ¯jzj)zi + κˆ2(ǫjzj)z¯i. (2.20)
The action (2.18) describes a non-compact version of the 4-sphere; the genuine S4
sigma model corresponds to the change κˆ2 → −κˆ2 in (2.18) and (2.20). The same
change in eqs. (2.1) - (2.10) (and κˆω → |κˆ|ω in eqs. (2.5), (2.6)) gives rise to 1D sigma
model on the compact QK manifold HPn = Sp(1 + n)/[Sp(1)× Sp(n)] .
Before closing this Section, it is worth to give another form of the action (2.1), in
which it involves the auxiliary fields D(t) and V (ij)(t) [19]
S ′HP =
1
2
∫
dt
{
˙ˆ
F ir
˙ˆ
Fir − f˙ iaf˙ia + 1
2
D
(
f iafia − Fˆ irFˆir − 2
κˆ2
)
−2V ij
(
Fˆ r(i
˙ˆ
Fj)r − fa(if˙j)r
)
− 1
κˆ2
V ijVij
}
. (2.21)
As it will become clear later, this action respects a local Sp(1) ∼ SU(2) invariance
which can be used to fix the Sp(1) gauge f ia =
√
2 δia ω , where the factor
√
2 was
inserted for further convenience. Using this gauge, we can pass in (2.21) to the field
ω(t), f iafia = 4ω
2, f˙ iaf˙ia = 4ω˙ω˙ . The 4D prototypes of the non-propagating fields
D and V ik come from the N = 2, 4D Weyl multiplet [16]. The field D is just the
Lagrange multiplier producing the constraint to eliminate the field ω(t):
ω2 − 1
4
Fˆ irFˆir − 1
2κˆ2
= 0 ⇒ ω(t) = 1√
2 |κˆ|
√
1 +
κˆ2
2
Fˆ 2 , (2.22)
while V ik is expressed by its algebraic equation of motion as
Vij = κˆ
2 ˙ˆF r(iFˆj)r . (2.23)
Substituting (2.22) and (2.23) back into (2.21) reproduces the HHn sigma model action
(2.1). The HPn case is recovered by changing, in (2.21), the sign before terms bilinear
in f ia and f˙ ia, as well as by the replacement κˆ2 → −κˆ2 . Respectively, in (2.22) and
(2.23) one should replace ω2 → −ω2, and κˆ2 → −κˆ2 .
Finally, note that the action (2.21) (and its HPn counterpart) looks to be singular
in the limit κˆ → 0 in contrast to (2.1) or (2.7). However, this singularity is fake.
Redefining (in the Sp(1) gauge), ω as ω = 1√
2κˆ
+ κω˜ , we can represent the kinetic ω
term in (2.21) as
4ω˙ω˙ = 4κˆ2 ˙˜ω ˙˜ω , (2.24)
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while the coefficient of the field D as
4ω2 − Fˆ 2 − 2
κˆ2
⇒ 4
√
2ω˜ + 4κˆ2ω˜2 − Fˆ · Fˆ . (2.25)
Also, one redefines V ik = κˆV˜ ik. After these redefinitions, the limit κˆ → 0 becomes
well-defined. In this limit, the fields ω˜ and V˜ ik fully decouple1 and we are left with the
free kinetic term of Fˆ ir as the only surviving one. An analogous reasoning applies to
the HPn case. Note that in the limit κˆ→ 0 ,
√
2 |κˆ|ω = 1 . (2.26)
This condition is also fulfilled in the general case of QK sigma models of refs. [16] - [19].
3 QK supersymmetric mechanics: Geometric and
group-theoretical setup
3.1 N = 4 , 1D harmonic superspace and superfields
We deal with one-dimensional N = 4 supersymmetry realized in 1D harmonic super-
space. We basically follow the notations and conventions of ref. [20]. The 1D harmonic
superspace in the analytic basis amounts to the coordinate set2
z := (t, θ+, θ¯+, θ−, θ¯−, w±i ) , w
+
i w
−
k − w+k w−i = εik , (3.1)
where w±i are harmonics parametrizing the automorphism SU(2) group. The analytic
harmonic superspace is a subset of (3.1)
ζ := (t, θ+, θ¯+, w±i ) . (3.2)
Both (3.1) and (3.2) are closed under the appropriate realization of N = 4 supersym-
metry. In what follows, we will need the expressions for harmonic derivatives
D++ = ∂++ + 2iθ+θ¯+∂t + θ
+∂θ− + θ¯
+∂θ¯− , (3.3)
D−− = ∂−− + 2iθ−θ¯−∂t + θ−∂θ+ + θ¯
−∂θ¯+ , (3.4)
[D++, D−−] = D0 = ∂0 + θ+∂θ+ + θ¯
+∂θ¯+ − θ−∂θ− − θ¯−∂θ¯− , (3.5)
where
∂±± = w±i
∂
∂w∓i
, ∂0 = w+i
∂
∂w+i
− w−i
∂
∂w−i
. (3.6)
1The former algebraic constraint becomes ω˜ = 1
4
√
2
Fˆ 2, which is now just the definition of ω˜.
2We denote the complex time variable in the analytic basis by the same letter as in the central
basis, hoping that this will not cause a confusion. The relations to the central basis, as well as the
precise N = 4 transformation properties of the superspace coordinates, can be found in [20] and,
more recently, in [13].
6
The covariant derivative D++ preserves the analyticity: the result of its action on the
analytic superfield Φ(ζ), i.e. D++Φ(ζ), is again defined on the set ζ , i.e. it is an
analytic 1D superfield. It is not true for D−−Φ(ζ) which is 1D harmonic superfield,
but not an analytic superfield. The operator D0 counts the external harmonic U(1)
charge of the general harmonic and harmonic-analytic 1D superfields. All superfields
are assumed to have a definite harmonic U(1) charge and so are eigenfunctions of D0.
The coordinate sets (3.1) and (3.2) are closed and real with respect to the general-
ized ˜ - conjugation
t˜ = t , θ˜± = θ¯± , ˜¯θ± = −θ± , w˜±i = w± i = εikw±k , w˜± i = −w±i . (3.7)
In what follows we will deal with two analytic superfields q+a(ζ) and 2n analytic
superfields Qˆ+r(ζ), with a = 1, 2 and r = 1, . . . 2n being, respectively, the indices
of the fundamental representations of some extra groups Sp(1) ∼ SU(2) and Sp(n)
commuting with supersymmetry. These superfields are subjected to the tilde-reality
conditions
q˜+a = ε
abq+b ,
˜ˆ
Q+r = Ω
rs Qˆ+s , (3.8)
where Ωrs,ΩrpΩps = δ
r
s , are skew-symmetric constant Sp(n) invariant “metrics”. In
the terminology of refs. [16–19] these superfields are 1D analogs of the compensating
hypermultiplet and “matter” hypermultiplets, respectively. In the case of simplest HHn
and HPn sigma models which will be the main subject of consideration in the present
paper, these superfields are subject to the simple harmonic constraints
D++q+a (ζ) = 0 , D
++Qˆ+r (ζ) = 0 . (3.9)
The case of general QK sigma model (Sect. 5) corresponds to some nonlinear versions
of these constraints. The explicit solution of (3.9) is as follows
q+a(ζ) = f ia(t)w+i + θ
+χa(t)− θ¯+χ¯a(t)− 2iθ+θ¯+f˙ ia(t)w−i , (3.10)
Qˆ+ r(ζ) = Fˆ ir(t)w+i + θ
+χr(t)− θ¯+χ¯r(t)− 2iθ+θ¯+ ˙ˆF ir(t)w−i . (3.11)
The superfield reality conditions (3.8) imply the following reality properties for the
component fields:
f˜+a = f
+a ⇔ (fia) = f ia , (f ia) = fia ; (χa) = χ¯a , (χa) = −χ¯a (3.12)
(and similar ones for Fˆ ir, χr). It is assumed that the indices a and r are raised and
lowered in the standard way by the skew-symmetric tensors εab, ε
ab and Ωrs,Ω
rs. We
observe that q+a carries 4 real bosonic degrees of freedom and Qˆ+ r - 4n such degrees,
total of 4(n+ 1) bosonic degrees.
One more relevant superfield will be the scalar real superfield H(z) which collects
the objects of N = 4, 1D “supergravity”. It lives on the whole harmonic superspace
(3.1) and is subjected to the purely harmonic constraint
D++H = 0 , H˜ = H , (3.13)
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which actually means that H in the central basis does not depend on harmonics at all,
and so is the standard harmonic-independent N = 4 , 1D superfield. In the analytic
basis, the component structure of H is as follows
H(z) = h+ θ+θ−M − θ¯+θ¯−M¯ + θ+θ¯−(µ− ih˙) + θ¯+θ−(µ+ ih˙)
+ 4i(θ+θ¯+w−i w
−
k − θ+θ¯−w−i w+k − θ−θ¯+w−i w+k + θ−θ¯−w+i w+k )L(ik)
+4θ+θ¯+θ−θ¯−[D + 2L˙(ik)w+i w
−
k ] (3.14)
+ (θ−w+i − θ+w−i )φi − (θ¯−w+i − θ¯+w−i )φ¯i + 4iθ−θ¯−(θ+w+i σi − θ¯+w+i σ¯i)
+ 2iθ+θ¯+[θ−w−i (2σ
i − φ˙i)− θ¯−w−i (2σ¯i − ˙¯φi)] . (3.15)
It includes eight bosonic fields h(t),M(t), M¯(t), µ(t), D(t), L(ik)(t) and eight fermionic
fields φi(t), φ¯i(t), σi(t), σ¯i(t). The conjugation rules for the bosonic fields are evident,
while for the fermionic ones they read
(φi) = φ¯
i , (σi) = σ¯
i , (3.16)
3.2 Minimal local N = 4, 1D supersymmetry
The N = 2, 4D QK sigma models with the bosonic target dimension 4n arise when n
matter hypermultiplets and one compensating hypermultiplet are coupled to conformal
N = 2, 4D supergravity, i.e. to N = 2, 4D Weyl multiplet [16]. The basic features
of the latter which are decisive for forming the correct nonlinear QK sigma model
Lagrangian is the presence of a scalar auxiliary field and a triplet of non-propagating
gauge fields associated with a local SU(2) symmetry as a part of conformal supergravity
group. This latter SU(2) symmetry can be used to fully gauge away a triplet of
scalar fields from the set of four physical-dimension bosonic fields of the compensating
hypermultiplet, while the remaining bosonic field is eliminated by the constraint for
which the scalar auxiliary field serves as a Lagrangian multiplier. One more source of
nonlinearity is the elimination of the SU(2) gauge field in terms of bosonic components
of the “matter” hypermultiplets by its algebraic equation of motion. In the context of
N = 2, 4D HSS approach all these steps are carefully explained in [19].
Taking this into account, as the first step in constructing QK N = 4, 1D sigma
model one should define the proper extension of the rigid N = 4, 1D supersymmetry,
such that it includes a local version of SU(2) automorphism group. Once again, by
analogy with the higher-dimensional cases, it is natural to assume that this extension
preserves the harmonic N = 4 analyticity. Hence, the relevant subgroup of the gen-
eral N = 4, 1D superdiffeomorphism group should be given by the following set of
coordinate transformations
δt = Λ(ζ) , δθ+ = Λ+(ζ) , δθ¯+ = Λ¯+(ζ) , δw+i = Λ
++(ζ)w−i , δw
−
i = 0 , (3.17)
δθ− = Λ−(z) , δθ¯− = Λ¯−(z) , (3.18)
Λ˜ = Λ , Λ˜± = Λ¯± , ˜¯Λ± = −Λ± , Λ˜++ = Λ++ . (3.19)
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For the time being, all these parameter superfunctions are arbitrary functions of their
arguments. An asymmetric form of the transformation of the harmonic variables in
(3.17) has been postulated on the pattern of the higher-dimensional analogs of (3.17)
and (3.18) (see, e.g., [16]) and their more direct N = 8, 1D analog [21].
One way to go further is to covariantize the flat analyticity-preserving harmonic
derivative D++ by the appropriate harmonic superfield vielbeins, D++ ⇒ ∇++ =
∂++ + H ++(t) (ζ)∂t + ..., so as to ensure the standard transformation law for ∇++,
δ∇++ = −Λ++D0 . (3.20)
However, as distinct, e.g., from the analyticity-preserving N = 8, 1D group considered
in [21], in the case under consideration the original transformation set proves to be so
powerful that it allows one to gauge all the newly introduced vielbein coefficients to
their flat values, ∇++ ⇒ D++, still leaving us with a non-trivial residual infinite-
dimensional superdiffeomorphism subgroup. To find its precise structure, it is simpler
to start just with the flat D++, postulate for it the transformation law (3.20),
δD++ = −Λ++D0 , (3.21)
and derive the corresponding constraints on the parameter-functions introduced in
(3.17) and (3.18) from (3.21). These constraints are easily determined to be as follows
D++Λ++ = 0 , (3.22)
D++Λ− 2i(Λ+θ¯+ + θ+Λ¯+) = 0 , (3.23)
D++Λ+ − Λ++θ+ = 0 , D++Λ¯+ − Λ++θ¯+ = 0 , (3.24)
D++Λ− − Λ+ + Λ++θ− = 0 , D++Λ¯− − Λ¯+ + Λ++θ¯− = 0 . (3.25)
Yet, the general solution of eqs. (3.22) - (3.24) is still rather broad, e.g. it involves
two local SU(2) groups, one affecting harmonics and another combining θ+, θ¯+ into a
doublet and not touching harmonic variables at all 3. To find the minimal solution,
we require it to involve only one local SU(2) symmetry. The corresponding solution is
uniquely given by the following expressions
Λ(ζ) = 2b+ 2i(λiw−i θ¯
+ − λ¯iw−i θ+) + 2iθ+θ¯+τ (ik)w−i w−k , (3.26)
Λ+(ζ) = λiw+i + θ
+[b˙+ τ (ik)w+i w
−
k ] ,
Λ¯+(ζ) = λ¯iw+i + θ¯
+[b˙+ τ (ik)w+i w
−
k ] , (3.27)
Λ++(ζ) = τ (ik)w+i w
+
k − 2i(λ˙iw+i θ¯+ − ˙¯λiw+i θ+)− 2iθ+θ¯+[b¨+ τ˙ (ik)w+i w−k ] , (3.28)
Λ−(ζ) = λiw−i + θ
+τ (ik)w−i w
−
k + θ
−[b˙− τ (ik)w−i w+k ]
− 2iθ−(θ¯+λ˙iw−i − θ+ ˙¯λiw−i ) + 2iθ+θ¯+θ−τ˙ (ik)w−i w−k ,
Λ¯−(ζ) = λ¯iw−i + θ¯
+τ (ik)w−i w
−
k + θ¯
−[b˙− τ (ik)w−i w+k ]
+ 2iθ¯−(θ+ ˙¯λiw−i − θ¯+λ˙iw−i ) + 2iθ+θ¯+θ¯−τ˙ (ik)w−i w−k . (3.29)
3It reflects the property that the rigid N = 4, 1D superalgebra possesses SU(2)×SU(2) automor-
phisms which both can be realized in the superspaces (3.1) and (3.2).
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Here, b(t), τ (ik)(t) and λi(t), λ¯i(t) are arbitrary local parameters, bosonic and fermionic,
respectively. They satisfy the reality conditions
b¯ = b , (τ ik) = τik , (λi) = λ¯
i , (λi) = −λ¯i . (3.30)
It is straightforward to check the closedness of the coordinate transformations (3.17),
(3.18) with the superparameters (3.26) - (3.29) with respect to the Lie brackets (trans-
formations (3.17) with the parameters (3.26) - (3.28) are closed on their own right,
indicating that the analytic harmonic superspace (3.2) is closed under this local group).
When specializing to constant parameters, we come back to the semi-direct product
of rigid N = 4, 1D supersymmetry and automorphism SU(2) symmetry. The local
N = 4, 1D supergroup defined above is isomorphic to the classical (having no central
charges) “small” N = 4 superconformal symmetry4.
For what follows, it will be important that Λ++(ζ) can be represented as
Λ++ = D++Z , Z = τ (ik)w+i w
−
k − b˙+ 2i(θ¯+λ˙i − θ+ ˙¯λi)w−i − 2iθ+θ¯+τ˙ (ik)w−i w−k , (3.31)
with Z˜ = Z . Now it is easy to define the (passive) transformation properties of the
superfields q+a, Q+r under the local N = 4 supersymmetry. They are uniquely fixed
by requiring the constraints (3.9) to be covariant:
δq+a = Zq+a , δQ+r = ZQ+r . (3.32)
Also, it is easy to establish the transformation properties of the harmonic derivative
D−−:
δD−− = −(D−−Λ++)D−− , D−−Λ++ = D++Λ−− , Λ−− := D−−Z . (3.33)
Note that (3.33) and (3.22) imply the important consequence
D−−Λ−− = 0. (3.34)
Two more ingredients we will need are the integration measures over the full har-
monic superspace (3.1) and its analytic subspace (3.2),
µH := dtdwd
2θ+d2θ− , µ(−2) := dtdwd2θ+ . (3.35)
They have the following simple transformation properties
δµ(−2) = 0 , δµH = µH 2Z . (3.36)
4This realization of the “small” N = 4 superconformal group in N = 4, 1D harmonic superspace
was found for the first time in [22]. Being translated into the language of standard N = 4, 1D
superspace, it coincides with that found in [23] in the context of spinning N = 4 particle.
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4 Invariant actions
Now we are ready to discuss the construction of the invariant actions. The simplest
bilinear action of the superfields q+a and Qˆ+r invariant under the rigid N = 4 super-
symmetry is (up to a renormalization factor)
Sprob =
∫
µHL(2)(q, Qˆ) , L(2)(q, Qˆ) =
(
γq+aq−a − Qˆ+rQˆ−r
)
, (4.1)
where
q−a := D
−−q+a , Qˆ
−
r := D
−−Qˆ+r , (4.2)
and γ = ±1 (the role of the parameter γ will become clear soon). Taking into account
the transformation properties (3.32), (3.33), the variation of the action under the local
N = 4 supergroup is
δSprob =
∫
µH(4Z −D−−Λ++)L(2)(q, Qˆ) , (4.3)
where we also used that q+aq+a = Q
+rQ+r = 0 in virtue of antisymmetry of εab and Ωrs.
To construct the invariant action, we use the superfield H defined in (3.13), (3.14),
(3.15) and ascribe to it the following (passive) transformation law
δH = (−4Z + 2D−−Λ++)H. (4.4)
The second weight term was added just to secure the covariance of the constraint in
(3.13). Indeed, D++(−4Z +2D−−Λ++) = 0 . Then the invariant action is given by the
simple expression
S =
∫
µHHL(2)(q, Qˆ) . (4.5)
Its N = 4 variation is
δS =
∫
µH(D
−−Λ++)HL(2)(q, Qˆ) =
∫
µH(D
++Λ−−)HL(2)(q, Qˆ), (4.6)
and it vanishes after integration by parts with respect to D++ and making use of the
constraints (3.9), (3.13) together with the relations D++q−a = q+a, D++Qˆ− r = Qˆ+ r .
One more relevant invariant (resembling the superfield Fayet-Iliopoulos terms) can
be constructed from the single superfield H :
SFI ∼
∫
µH
√
H . (4.7)
Indeed, δ
√
H = (−2Z + D−−Λ++)√H cancels the variation of the integration mea-
sure in (4.7), while the residual contribution ∼ D−−Λ++ = D++Λ−− vanishes after
integrating by parts and taking account of the constraint (3.13).
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The flat superfield action (4.1) enjoys linear realizations of Sp(n, 1) (for γ = 1) and
Sp(n+1) (for γ = −1) symmetries. Their Sp(1) and Sp(n) subgroups act as rotations
of the superfields q+a and Qˆ+r with respect to the indices a and r, while the coset
Sp(n, 1)/[Sp(n)× Sp(1)] (or Sp(n+ 1)/[Sp(n)× Sp(1)]), respectively as
δq+a = −λasQˆ+s , δQˆ+s = λasq+a ; (γ = 1) , (4.8)
δq+a = λasQˆ+s , δQˆ
+s = λasq+a ; (γ = −1) . (4.9)
The harmonic constraints (3.9) also respect these target space invariances.
These linear realizations become nonlinear in the locally N = 4, 1D supersymmet-
ric action (4.5) augmented with the action (4.7), since the N = 4, 1D “supergravity”
superfield H brings in the auxiliary fields D and Lik . They, first, generate an addi-
tional algebraic constraint relating the fields f+a and Fˆ+r (under an assumption that
f+a = w+a const+. . .), and, second, ensure some nonlinear addition to the free action of
Fˆ+r. Besides, some local 1D symmetries can be gauge-fixed to further reduce the total
dimension of the target bosonic manifold to that of the coset Sp(n, 1)/[Sp(n)× Sp(1)]
or its compact analog Sp(n+ 1)/[Sp(n)× Sp(1)].
4.1 Bosonic sector
We will start from the superfield action
SHP =
1
8
(
S + β SFI
)
=
1
8
∫
µH
[
H L(2) + β
√
H
]
, (4.10)
where β is a real parameter to be specified below and the numerical coefficient is chosen
for further convenience. Our first aim is to consider the bosonic sector of this action
in order to learn how it is related to HHn and HPn actions discussed in Section 1.
The direct routine calculation yields
L
b
HP =
1
2
h
(
˙ˆ
F ir
˙ˆ
Fir − γ f˙ iaf˙ia
)
+ Lik
(
Fˆ (ir
˙ˆ
F k)r − γf (iaf˙k)a
)
+
1
4
D
(
γf iafia − Fˆ irFˆir + β√
h
)
+
β
4
1√
hh
[
LikLik − 1
8
(
MM¯ + µ2 + h˙2
)]
. (4.11)
Inspecting (4.11), we observe
• In order to have the correct normalization of the kinetic term of Fˆ ir we are led
to assume that the field h starts with a positive constant,
h(t) = h0 +∆h(t) , h0 ≥ 0 . (4.12)
• The auxiliary fields M, M¯, µ fully decouple.
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• Using the local SU(2) gauge freedom with the parameter τ ik(t) and making the
standard (and very important) assumption that the “superconformal compen-
sator” q+a starts with a constant,
q+a = εiaw+i const + . . . , (4.13)
one can fully gauge away the symmetric part of f ia, so that
f ia(t) =
√
2δiaω(t) . (4.14)
• Using the local dilatation part of the 1D diffeomorphism parameter b = b0+tb˜(t),
we can gauge h(t) into its flat value
h(t) = h0 = 1 . (4.15)
Finally, exploiting these observations, we see that the Lagrangian (4.11) precisely
coincides with that corresponding to (2.21) under the following identifications
γ = 1 , β = −|β|, |β| = 2
κˆ2
, Lik = −V ik . (4.16)
The choice γ = −1 corresponds to the maximally flat compact QK manifold Sp(1+n)/
[Sp(1)×Sp(n)] . For the corresponding algebraic constraint to be solvable in this case,
one should choose
γ = −1 : β = |β| , |β| = 2
κˆ2
=⇒ ω = 1√
2|κˆ|
√
1− κˆ
2
2
Fˆ 2 . (4.17)
Recall that our construction is by no means based on any N = 2, 4D supergravity
considerations, so κˆ is some free parameter having no any conceivable connection with
Einstein constant. The compact and non-compact cases are distinguished just by the
sign of “cosmological constant” β.
Thus we have reproduced the action (2.21) of the nonlinear HHn sigma model, as
well as its HPn counterpart, starting from the superfield action (4.10) invariant under
some minimal local N = 4, 1D supersymmetry. These actions are recovered in a
particular gauge with respect to the local time reparametrizations and local SU(2)
transformations. The central role in reproducing these actions belongs to the auxiliary
field D(t) , which is naturally provided by the 1D “supergravity” superfield H and
produces the necessary constraints.
Note that, as is seen from (4.11), the role of the field h is similar to the einbein in
the models of relativistic (spinning) particles. Normally, after varying with respect to
this field, the standard mass constraint f˙ · f˙ − ˙ˆF · ˙ˆF = 0 is generated. In our case,
should we choose β = 0, something similar would happen, yielding finally some variant
of relativistic particle in the space with signature (1, 4n) (since the triplet in f ia can
still be gauged away by local SU(2)). The total model (with all fermions included)
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then could be interpreted as a model of N = 4 spinning particle. Perhaps it deserves
a special attention5. However, in this paper we are interested in the case of β 6= 0.
In this case, the equation of motion for h(t) does not generate any constraint: it just
serves to eliminate the auxiliary field D. In the gauge (4.15), the h equation reads
D = − 3
h0
LikLik +
(h0)
3/2
β
(
˙ˆ
F ir
˙ˆ
Fir − γf˙ iaf˙ia
)
. (4.18)
Since in the Lagrangian (4.11) D appears multiplied by the algebraic constraint, on the
shell of the latter it does not matter whether or not D can be solved for. Analogously,
varying the total action with respect to the 1D gravitini fields φi, φ¯j at β 6= 0 does not
generate any constraint (see the relevant remark in sect. 4.2).
It is also worth pointing out that the field Lik is just the 1D gauge field for the
local SU(2) symmetry, as follows from its τ ik transformation (see eqs. (A.10)). Once
again, its equation of motion at β 6= 0 does not generate any constraint (as opposed to
the spinning N = 4 particle case), but expresses Lik in terms of other fields.
As the last topic of this Section, let us derive the Sp(1, n)/[Sp(1)×Sp(n)] transfor-
mations (2.9). The superfield transformations (4.8) imply the following transformations
for the bosonic components of q+a and Qˆ
+
r :
δf ia = −γ|κˆ|λraFˆ is , δF ir = |κˆ|λraf ia , (4.19)
where, for further convenience, we rescaled the group parameters as λsa → |κˆ|λsa
and explicitly introduced the parameter γ = ±1 in order to encompass both the non-
compact and the compact cases. Now we choose the Sp(1) gauge (4.14). Requiring it
to be preserved implies the modification of the transformations (4.19) by adding the
appropriate compensating local SU(2) transformation
δ˜f ia = −γ|κˆ|λraFˆ ir + τ˜ ijf ja , δ˜F ir = |κˆ|λraf ia + τ˜ ijF jr . (4.20)
The parameter τ˜ ij is uniquely fixed from the requirement that δ˜f
(ia) = 0:
τ˜ ij = γ
|κˆ|
2
√
2ω
(
λrjFˆ
i
r + λ
riFˆjr
)
. (4.21)
5At this point, it is worth mentioning an analogy with ref. [23] where a spinning particle coupled to
a non-propagating N = 4, 1D supergravity multiplet in N = 4 superspace was considered. However,
the “matter” there was described by N = 4 multiplets (1,4,3) as distinct from the multiplets
(4,4,0) in our case. Also, the authors of [23] describe the N = 4, 1D “supergravity” by a constrained
(1,4,3) super-einbein E containing no independent auxiliary field D which plays the crucial role in
our construction. The N = 4, 1D “supergravity” described by H could be called “non-minimal” as
opposed to the “minimal” version exploited in [23]. Note that in [24, 25], N = 4 spinning particle
models on QK manifolds (in the component approach) were derived from the radial quantization of
N = 2, 4D supergravity BPS black holes. In these papers, a minimal set of N = 4, 1D supergravity
fields generating the standard constraints was also used.
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This implies
δ˜ω = γ
|κˆ|
2
√
2
λriFˆir , (4.22)
δ˜Fˆ ir =
√
2|κˆ|ωλri + γ |κˆ|
2
√
2ω
(
λsiFˆsj + λ
s
jFˆ
i
s
)
Fˆ jr . (4.23)
For F ir = 1√
2|κˆ|ω Fˆ
ir, these transformations provide
δ˜F ir = λri − γκˆ2λsjF isF jr ,
that, for γ = 1, coincides with (2.9).
4.2 Fermionic sector
A. Contribution from the 1st term in (4.10).
The corresponding contribution to the off-shell Lagrangian is (for simplicity, we
choose γ = 1)
L
f(1)
HP =
i
4
h (χa ˙¯χa − χ˙aχ¯a − χr ˙¯χr + χ˙rχ¯r)
+
i
2
φi
(
f˙ iaχ¯a − ˙ˆF irχ¯r
)
− i
2
φ¯i
(
f˙ iaχa − ˙ˆF irχr
)
+
i
2
σi
(
f iaχ¯a − Fˆ irχ¯r
)
− i
2
σ¯i
(
f iaχa − Fˆ irχr
)
+
M
8
(
χ¯aχ¯a − χ¯rχ¯r
)
− M¯
8
(
χaχa − χrχr
)
+
µ
4
(
χ¯aχa − χ¯rχr
)
. (4.24)
B. Contribution from 2nd term in (4.10).
L
f(2)
HP = β
i
32h3/2
(
φi ˙¯φi − φ¯iφ˙i + 4σiφ¯i − 4σ¯iφi
)
+ β
3
64h5/2
(
4iLikφ(iφ¯k) +
M
2
φ¯iφ¯i − M¯
2
φiφi + µφ
iφ¯i
)
+ β
15
64 · 8
1
h7/2
(φkφk)(φ¯
iφ¯i). (4.25)
The full off-shell Lagrangian is a sum
LHP = L
b
HP + L
f(1)
HP + L
f(2)
HP (4.26)
Now we observe that all fields contained in 1D “supergravity” superfield H can be
eliminated in one or another way.
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• The field h(t) can be gauged into a constant by using the gauge parameter b˜(t).
• The field D(t) is the Lagrange multiplier for the constraint
γf 2 − Fˆ 2 + β
h1/2
= 0 . (4.27)
• The auxiliary fields Lik,M, M¯, µ are eliminated by their algebraic equations of
motion as
Lik = −2h
3/2
β
[
Fˆ (ir
˙ˆ
F k)r − γf (iaf˙k)a
]
+
3i
8h
φ¯(iφk) ,
M =
4h3/2
β
(
χrχr − γ χaχa
)
− 3
4h
φiφi ,
M¯ =
4h3/2
β
(
γ χ¯aχ¯a − χ¯rχ¯r
)
+
3
4h
φ¯iφ¯i ,
µ =
4h3/2
β
(
γ χ¯aχa − χ¯rχr
)
+
3
4h
φiφ¯i . (4.28)
• At last, the field σi serves as a Lagrange multiplier giving rise to the constraint
that expresses the 1D “gravitino” φi in terms of the “matter fields”:
φi =
4h3/2
β
(
γf iaχa − Fˆ irχr
)
, φ¯i =
4h3/2
β
(
γf iaχ¯a − Fˆ irχ¯r
)
. (4.29)
A good self-consistency check is to verify, e.g., that the λi, λ¯i transformations of the
left- and right-hand sides of (4.29) computed according to (A.3), (A.6), (A.9) precisely
match each other with taking into account the non-dynamical equations (4.27) - (4.29).
This has been done with the positive result. Note that the equations of motion for
the “gravitini” φi, φ¯j do not produce any constraints (as opposed to what happens in
the spinning particle models), but merely serve to eliminate the fermionic Lagrange
multipliers σi, σ¯i in terms of other fields. This is similar to the role of the equation of
motion for the einbein field h(t) (recall the discussion around eq. (4.18)).
C. Gauges and peculiarities of realization of supersymmetry.
The gauge already used above is h = h0 = const. It fixes the dilatation parameter
b up to a constant shift of time.
The Sp(1) gauge
f (ia) = 0 ⇐⇒ f ia =
√
2δiaω (4.30)
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implies that, for its preservation, the transformation of f ia under local supersymmetry
(A.3) should be accompanied by the appropriate induced Sp(1) transformation
δ˜λf
ia = −λi χa + λ¯i χ¯a + τ ik(ind)fka , τ ik(ind) = δka
1√
2ω
[
λ(iχa) − λ¯(iχa)]. (4.31)
The same induced Sp(1) transformation should accompany λ transformations of any
field carrying the doublet indices i, j, ..., e.g., of Fˆ ir.
One more gauge can be attained by properly fixing local supersymmetry 6
φi = φ¯i = 0 ⇒ (4.32)
˙¯λi =
1
4ih0
(
4iLikλ¯
k +M λi + µ λ¯i
)
(4.33)
λ˙i =
1
4ih0
(
4iLikλ
k + M¯ λ¯i − µλi), (4.34)
where it is assumed that the auxiliary fieldsM, M¯, µ and Lik are given by their on-shell
expressions (4.28) in which h = h0 and the gauges (4.30) and (4.32) were also used. All
things are drastically simplified in the gauge (4.32): the Lagrangian L
f(2)
HP is vanishing
and the fermionic fields χa are eliminated in terms of χr in virtue of (4.29)
χa = − γ√
2ω
δai Fˆ
irχr , χ¯
a = − γ√
2ω
δai Fˆ
irχ¯r . (4.35)
Eqs. (4.33), (4.34) imply that the residual supersymmetry transformations of the
remaining quantities Fˆ ir, χr, χ¯r are given by the same laws (A.6) (plus the additional
Sp(1) rotation of Fˆ ir with the parameter τ ik(ind) defined in (4.31)), in which the local
parameters λi(t) and λ¯i(t) are solved for from Eqs. (4.33), (4.34) in terms of the
remaining fields and constant Grassmann parameters λi(0) and λ¯
i
(0). These expressions
are not only nonlinear, but also non-local. Indeed, in the limit of vanishing fermions
eq. (4.34) becomes
λ˙i =
2
√
h0
β
J ikλ
k , J ik := −Fˆ (ir ˙ˆF k)r . (4.36)
In the 2× 2 matrix notation it is solved through the ordered exponential
λi(t) = [P exp{2
√
h0
β
∫ t
−∞
dτJ(τ)}]ijλj(0) . (4.37)
Perhaps, these non-localities can be avoided in the Hamiltonian approach, in which
fields from the very beginning are not subject to any gauges.
Finally, we present the full form of the residual fermionic on-shell Lagrangian LfHP
written in terms of the fields Fˆ ir, χr, χ¯r. We use the expressions (4.35) for the fermionic
fields χa, χ¯a and the above gauges. Then the total LfHP is given by the first and last
lines in (4.24), as well as by the appropriate contribution from the last line in (4.11),
6This gauge, together with h = const, is known in 1D “supergravity” as the “unitary gauge” (see,
e.g., [26]). It radically simplifies everything.
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where we should substitute (4.35) and the expressions for the auxiliary fields M, M¯
and µ . It reads
L
f
HP = −
i
4
h0G
[sr]
(
χ˙sχ¯r − χs ˙¯χr
)
+
iγ
4ω2
h0Fˆ
i(s ˙ˆF
r)
i χsχ¯r
− h
3/2
0
2β
(
G[sr]G[fg] +G[fs]G[gr]
)
χsχrχ¯f χ¯g , (4.38)
where
G[sr] := Ω[sr] +
γ
2ω2
Fˆ i[sFˆ
r]
i , ω =
1√
2|κˆ|
√
1 + γ
κˆ2
2
Fˆ 2 . (4.39)
In order to reveal the geometric meaning of various terms in (4.38) (with γ = 1 for
simplicity), we firstly pass to another parametrization of our bosonic manifold, by the
fields F ir related to Fˆ ir by the relations (2.5), (2.6). In this parametrization, we find
that
G[sr] = gsr, (4.40)
where gsr is defined in eq. (C.2) of Appendix C. Then, using the vielbein representation
(C.3), (C.4) for grs, redefining the fermionic fields as
χp = e
s
pχs , χ¯q = e
r
qχ¯r, (4.41)
we can rewrite the terms bilinear in fermionic fields in (4.38) (in the gauge h = 1) as
− i
4
[
Ωqu
(
χ˙qχ¯u − χq ˙¯χu
)
+
(
Ωpue˙
q
se
s
p + Ω
pqe˙use
s
p − 2κˆ2F i(sF˙ r)i e
q
se
u
r
)
χqχ¯u
]
. (4.42)
Now, substituting into (4.42) the explicit expressions (C.4) for the vielbeins e
q
s, esp, after
some algebra we can rewrite the Lagrangian (4.38) (for γ = 1) as
L
f
HP = −
i
4
Ωpq
(∇(t)χpχ¯q − χp∇(t)χ¯q)+ 1
4
R(pq) (rs)χpχrχ¯qχ¯s , (4.43)
where
∇(t)χp = χ˙p − ωir q)(p F˙ irχq , R(pq) (rs) = −κˆ2
(
ΩprΩqs + ΩpsΩqr
)
. (4.44)
The connection ωir (p q) precisely coincides with the Sp(n) part of the spin connection
on the considered bosonic manifold (eq. (C.14)), while R(pq) (rs) is none other than the
Sp(n) part of the curvature tensor in the tangent-space representation (eq. (C.9)).
The case with γ = −1 is recovered through the substitution κˆ2 → −κˆ2.
5 Towards the generic N = 4 QK mechanics
The generic HK N = 4, 1D sigma model was obtained in [13] basically by passing from
the linear harmonic constraints of the type (3.9) to their nonlinear variant. The form of
the latter coincides with the superfield equations of motion for analytic hypermultiplet
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superfields in the most general HK N = 2, 4D sigma model [8, 9, 11]. Yet a crucial
difference between the N = 4, 1D and N = 2, 4D cases rooted in the fact that in the
former case both linear and nonlinear harmonic constraints do not imply the equations
of motion for 4n+4n physical bosonic and fermionic fields: these equations follow from
the invariant action which has the same universal form for both linear and nonlinear
cases. The linear constraints correspond to the free model, i.e. flat 4n dimensional
target manifold; non-trivial HK models arise if and only if the harmonic constraints
are nonlinear.
Here we will keep to the same strategy. Taking as an input the superfield equations
of motion for the compensating and physical hypermultiplet superfields following from
the most general superfield action of QK sigma model in harmonic superspace [16–19]
we replace the flat harmonic constraints (3.9) by the following nonlinear ones
D++q+a − γ 1
2
∂
∂q+a
[
κˆ2(w− · q+)2L +4
]
= 0 , (5.1)
D++Qˆ+r +
1
2
∂
∂Qˆ+r
[
κˆ2(w− · q+)2L +4
]
= 0 , (5.2)
L
+4 ≡ L +4
( Qˆ+r
κˆ(w− · q+) ,
q+a
(w− · q+) , w
−
i
)
, (w− · q+) := w−a q+a . (5.3)
The object L +4 is the renowned QK potential [16,18]; the parameter κˆ is the contrac-
tion parameter to the general HK case: when κˆ goes to zero, κˆ(w− ·q+)→ 1 , q+a
(w−·q+) →
w+a and, respectively, L +4 → L +4(Q,w+, w−). In this limit (5.2) becomes the nonlin-
ear constraint describing the most general HK N = 4, 1D sigma model. The superfield
q+a fully decouples. It is important that the QK potential does not involve any explicit
w+ harmonics.
The new constraints (5.1), (5.2) are covariant under local N = 4, 1D supergroup.
Indeed, the arguments of L +4 are manifestly invariant due to the transformation
property
δ(w− · q+) = Z (w− · q+). (5.4)
Then, taking into account that δ( ∂
∂q+a
, ∂
∂Qˆ+r
) = −Z( ∂
∂q+a
, ∂
∂Qˆ+r
), we see that the l.h.s.
of (5.1), (5.2) are homogeneously transformed as q+a and Qˆ+r themselves, like in the
case of linear constraints (3.9).
It is surprising that the invariant superfield action for the generic QK case is given
by the same expression as for the HHn and HPn cases
SQK =
1
8
[
S˜ + β SFI
]
=
1
8
∫
µH
[
H L˜(2) + β
√
H
]
, (5.5)
where L˜(2) is formally given by the same bilinear expression as in (4.1)
L˜(2) =
(
γq+aq−a − Qˆ+rQˆ−r
)
, q−a = D−−q+a , Qˆ−r = D−−Qˆ+r . (5.6)
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The crucial difference is that the analytic N = 4, 1D superfields q+a and Qˆ+r are now
subject to nonlinear harmonic constraints (5.1), (5.2) and so possess more complicated
θ+, θ¯+ expansion. With fermionic fields neglected, these expansions are
q+a(ζ) ⇒ f+a(t, w) + iθ+θ¯+A−a(t, w) , (5.7)
Qˆ+ r(ζ) ⇒ Fˆ+r(t, w) + iθ+θ¯+Aˆ−r(t, w) . (5.8)
The functions f+a, Fˆ+r, A−a and Aˆ−r are non-linearly expressed in terms of the “cen-
tral basis” target coordinates f ia(t), Fˆ ir(t) and their derivatives f˙ ia(t),
˙ˆ
F ir(t) by non-
dynamical harmonic equations which are the appropriate θ, θ¯ projections of the super-
field constraints (5.1), (5.2), like in the κˆ = 0 limit [13]. The equations for f+a, Fˆ+r
are obtained from (5.1), (5.2) just by putting there θ = θ¯ = 0, i.e. by the replace-
ments q+a → f+a, Qˆ+r → Fˆ+r(t) , D++ → ∂++, L +4 → L +4| := L +4
(θ+=θ¯+=0)
. The
harmonic equations for A−a, Aˆ−r also directly follow from (5.1), (5.2)
∂++A−a + 2f˙+a − γ 1
2
∂2
∂f+b ∂f
+
a
[
κˆ2(w− · f+)2L +4|
]
A−b
− γ 1
2
∂2
∂Fˆ+r ∂f
+
a
[
κˆ2(w− · f+)2L +4|
]
Aˆ−r = 0 , (5.9)
∂++Aˆ−r + 2 ˙ˆF+r +
1
2
∂2
∂Fˆ+s ∂Fˆ
+
r
[
κˆ2(w− · f+)2L +4|
]
Aˆ−s
+
1
2
∂2
∂f+b ∂Fˆ
+
r
[
κˆ2(w− · f+)2L +4|
]
A−b = 0 . (5.10)
Note that the constraints (5.1), (5.2), for any non-trivial L +4, explicitly break Sp(n, 1)
or Sp(n + 1) symmetry down to some its subgroup, despite the fact that the action
(5.5) still formally respects such a maximal symmetry.
The proof of local N = 4, 1D invariance of the general action (5.5) is a bit tricky.
The invariance of the second term in (5.5) is checked in the same way as in the HHn
( HPn) case. The N = 4, 1D group variation of the first term can be reduced to the
expression
δS˜ = −2
∫
µH Λ
−−H
(
γD++q+aq−a −D++Qˆ+rQˆ−r
)
, (5.11)
where, in particular, the property D−−Λ−− = 0 was used. Next, making use of the
constraints (5.1), (5.2) and the evident property D−−w−i = 0, we bring this variation
to the form
δS˜ = −
∫
µH Λ
−−HD−−
[
κˆ2(w− · q+)2L +4] . (5.12)
This expression vanishes, as the integrand in it is a total harmonic derivative (because
of the conditions D−−H = D−−Λ−− = 0).
As the last topic, we present the bosonic sector of the Lagrangian in the general
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QK action (5.5)
L
b
QK =
1
2
h
∫
dw
(
γf˙+aA−a − ˙ˆF+rAˆ−r
)
+ 3Lik
∫
dww−iw−k
(
Fˆ+r
˙ˆ
F+r − γf+af˙+a
)
+
1
2
D
∫
dw
(
γf+a∂−−f+a − Fˆ+r∂−−Fˆ+r +
β
2
√
h
)
+
β
4h
√
h
[
LikLik − 1
8
(
MM¯ + µ2 + h˙2
)]
. (5.13)
Note that, while calculating the coefficient of Lik(t) in (5.13), a non-trivial use of the
constraints (5.1), (5.2), (5.9), (5.10) and the property(
f+a
∂
∂f+a
+ Fˆ+r
∂
∂Fˆ+r
)
L
+4| = 0 (5.14)
has been made. The basic steps of deriving this troublesome term are described in
Appendix B. Note that the relation (5.14) just expresses the invariance of L +4 under
the simultaneous constant rescalings of the superfields q+a and Qˆ+r . In the gauge
h = 1, with identification β = −γ 2
κˆ2
and after elimination of the auxiliary fields asM =
M¯ = µ = 0, the action (5.13) coincides with the direct 4D → 1D dimensional reduction
of the most general bosonic QK sigma-model action derived in [19] from the superfield
action of N = 2, 4D supergravity coupled to the hypermultiplet matter [16], [17]. This
in fact proves that we have indeed constructed here the most general set of QK N = 4
mechanics models parametrized by the QK potentials L +4
(
Qˆ+r
κˆ(w−·q+) ,
q+a
(w−·q+) , w
−
i
)
.
As the final remark, let us note the existence of the locally N = 4 invariant super
Wess-Zumino term given by the analytic action
S
(WZ)
QK = i
∫
µ(−2)L +2
( Qˆ+r
κˆ(w− · q+) ,
q+a
(w− · q+) , w
−
i
)
. (5.15)
It is invariant due to the invariance of the analytic subspace integration measure. It
is a direct generalization of analogous term in the flat N = 4, 1D supersymmetry [13]
and describes a coupling to an abelian background gauge field given on QK target
manifold.
6 Summary and outlook
In this paper, using the harmonic superspace methods, we proposed a new class of
N = 4 supersymmetric mechanics models, with the generic 1D QK sigma models
as the bosonic core7. The basic distinguishing feature of these models is the local
7To avoid a possible confusion, we should point out that the supersymmetric mechanics models
we have constructed are the standard ones, in the sense that the evolution parameter is the worldline
time t, associated with the canonical Hamiltonian. We do not know whether there is any link between
our construction and the Hamiltonian analogy suggested in [28] and further worked out in [29]. In
the latter case an analog of the evolution parameter is a complex CP1 coordinate parametrizing the
harmonic 2-sphere.
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N = 4, 1D supersymmetry and local automorphism SU(2) symmetry. For implement-
ing these gauge symmetries it proved necessary to introduce a generalized superfield
vielbein H and an extra “compensating” (4, 4, 0) multiplet, besides n such “genuine”
multiplets extending 4n bosonic target coordinates. These additional multiplets, after
properly fixing local 1D supersymmetry, ensure the correct nonlinear actions with 4n
dimensional QK manifolds as the bosonic targets. Our approach is intrinsically one-
dimensional and does not require resorting to any dimensional reduction procedure.
We explicitly constructed the superfield and component actions for the supersymmet-
ric mechanics models based on 4n dimensional non-compact and compact homogeneous
QK manifolds HHn and HPn. The set of superfield constraints and the superfield ac-
tion describing most general QK N = 4 mechanics were also presented. Like in the
HK N = 4 mechanics models [13], the superfield action has the unique universal
form for any QK target manifold, the specificity of the given model being encoded
in the non-linear harmonic constraints. The latter can be chosen linear only for the
maximal-dimension homogeneous QK manifolds just mentioned.
There remain many problems for further study. The most direct one is to construct
Hamiltonian formulation of the models presented, at least for the HHn and HPn cases,
including the construction of the relevant supercharges and quantization. An interest-
ing problem is to explicitly construct the 1D actions and supercharges for the full set
of symmetric QK manifolds, the Wolf spaces. The QK potentials L +4 for Wolf spaces
were listed in [18, 27].
One more proposal for further study is as follows. It is known that in the case of
rigid N = 4, 1D supersymmetry the general action of (4, 4, 0) multiplets [13, 14, 20],
Sgen(q) ∼
∫
µHL (q
+A, q−B, w±), A = 1, . . . 2n , (6.1)
with q+A being subjected to the linear harmonic constraints (3.9), describes a particular
class of N = 4 sigma models with the torsionful “weak” HKT geometry in the bosonic
target space. It is interesting to find the counterpart of this action with local N =
4, 1D supersymmetry. Surprisingly, it is rather easy to achieve such a generalization.
Let us define
X :=
√
H (q+aq−a ) , Y :=
√
H (Q+rQ−r ) , δΛ(X, Y ) = 0 , D
±±(X, Y ) = 0 . (6.2)
Then the action
Sloc(q, Q) =
∫
µH
√
HF (X, Y, w−) (6.3)
is invariant under both local N = 4, 1D supergroup and the internal symmetry group
Sp(1)×Sp(n) . It provides a generalization of both the actions (6.1) and (4.10). Indeed
in the rigid supersymmetry limit H = 1 the action (6.3) is reduced to a particular case
of (6.1) (with Sp(1)× Sp(n) isometry), while for the special choice
F (X, Y, w−) = γ X − Y + β , (6.4)
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just to (4.10) (modulo a numerical coefficient). It would be interesting to elaborate
on the component form of (6.3) and to identify the relevant target geometry. It is
clear that the latter should be a type of “QKT” geometry. A few explicit examples
of such QKT geometries were earlier given in [30], proceeding from heterotic (4, 0)
supersymmetric 2D sigma models coupled to 2D supergravity.
One more generalization could be construction of 1D sigma models invariant under
an extended local N = 4, 1D supersymmetry including two local SU(2) symmetries
and related to “large” N = 4, 1D superconformal group. A natural realization of such
an extended supersymmetry is achieved in the framework of bi-harmonic N = 4, 1D
superspace [31] which thus provides an appropriate arena for such a generalization.
Altogether, it would be tempting to generalize to the QK case many other salient
features of the plethora of rigid N = 4 mechanics models (see, e.g., [14], [32] and
refs. therein), including a remarkable correspondence between such models and var-
ious complexes in the differential geometries, superextensions of integrable Calogero-
type models, etc. In particular, it is of clear interest to construct locally super-
symmetric versions of other off-shell N = 4, 1D multiplets (with the field contents
(3, 4, 1), (2, 4, 2), (1, 4, 3), (0, 4, 4)) and to study the corresponding N = 4 mechanics
models.
Finally, it is worth pointing out that the problem of constructing QK N = 8
mechanics is still not solved. This task could be tackled either through dimensional
reduction from the locally N = 2 supersymmetric harmonic 4D hypermultiplet sigma
models (as suggested in [29]) or, following the line of the present paper, by indepen-
dently defining the appropriate N = 8, 1D supergravity and coupling to it uncon-
strained analytic N = 8, 1D hypermultiplets with an infinite number of auxiliary
fields off shell.
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A Local N = 4 transformations of the component fields.
Here we present the explicit form of the local N = 4 transformations of the component
fields in the θ expansions of the basic superfields q+a(ζ), Q+r(ζ) and H(z) defined in
(3.10), (3.11), (3.14) and (3.15).
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The component transformations of some N = 4 superfield Φ can be found out from
the general form of its “active” transformation
δ⋆Φ = W Φ− Λ∂tΦ− Λ±∂θ±Φ− Λ¯±∂θ¯±Φ− Λ++∂−−Φ , (A.1)
where W are the corresponding weight factors defined in (3.31), (3.32) and (4.4) and
the superparameters Λ , Λ± , Λ¯± and Λ++ are given in (3.26) - (3.29).
Using this general formula, we obtain the following transformations for the compo-
nent fields:
Superfields q+a and Q+r:
δbf
ia = −2b f˙ ia − b˙ f ia , δbχa = −2bχ˙a − 2b˙ χa , δb χ¯a = −2b ˙¯χa − 2b˙ χ¯a, (A.2)
δλf
ia = −λi χa + λ¯i χ¯a , δλχa = 2i∂t(λ¯ifai ) , δλχ¯a = 2i∂t(λifai ) , (A.3)
δτf
ia = τ ik f
ka , δτχ
a = δτ χ¯
a = 0 . (A.4)
The transformations of the fields Fˆ ir, χr have the same form:
δbFˆ
ir = −2b ˙ˆF ir − b˙ Fˆ ir , δbχr = −2b χ˙r − 2b˙ χr , δbχ¯r = −2b ˙¯χr − 2b˙ χ¯r, (A.5)
δλFˆ
ir = −λi χr + λ¯i χ¯r , δλχr = 2i∂t(λ¯iFˆ ri ) , δλχ¯r = 2i∂t(λiFˆ ri ) , (A.6)
δτ Fˆ
ir = τ ik Fˆ
kr , δτχ
r = δτ χ¯
r = 0 . (A.7)
Superfield H:
δbh = −2b h˙ + 4b˙ h , δbM = −2b M˙ + 2b˙M , δbµ = −2b µ˙+ 2b˙ µ ,
δbL
(ik) = −2b L˙(ik) + 2b˙ L(ik) , δbD = −2b D˙ + 2∂t(b¨h) ,
δbφ
i = −2b φ˙i + 3b˙ φi , δbσi = −2b σ˙i + b˙ σi + b¨φi , (A.8)
δλh = λ
iφi − λ¯iφ¯i , δλM = 2i ˙¯λiφi + iλ¯i(4σi − 2φ˙i) , δλM¯ = (δλM) ,
δλµ = −i(λ˙iφi + ˙¯λiφ¯i)− i[λi(2σi − φ˙i) + λ¯i(2σ¯i − ˙¯φi)]
δλL
(ik) = λ¯(iσ¯k) − λ(iσk) − [ ˙¯λ(iφ¯k) − λ˙(iφk)] ,
δλD = λ
iσ˙i − λ¯i ˙¯σi − λ˙iσi + ˙¯λiσ¯i + ∂t(λ˙iφi − ˙¯λiφ¯i) ,
δλφ
i = λiM + λ¯i(µ+ ih˙) + 4iλ¯kLik − 4i ˙¯λih ,
δλφ¯
i = λ¯iM¯ − λi(µ− ih˙) + 4iλkLik − 4iλ˙ih ,
δλσ
i = λ˙iM + ˙¯λi(µ− ih˙) + 2iλ¯kL˙ik + iλ¯iD − 2i¨¯λih ,
δλσ¯
i = ˙¯λiM¯ − λ˙i(µ+ ih˙) + 2iλkL˙ik + iλiD − 2iλ¨ih , (A.9)
δτh = δτM = δτµ = 0 , δτL
(ik) = hτ˙ (ik) − 2τ (imLk)m , δτD = −2τ˙ (ik)L(ik) ,
δτφ
i = τ ikφ
k , δσi = τ ikσ
k − τ˙ (ik)φk . (A.10)
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The standard rigid N = 4, 1D supersymmetry and R-symmetry SU(2) transfor-
mations of the component fields are recovered upon choosing the constant parameters
in (A.2) - (A.10).
B Derivation of the second term in the general bosonic QK
action (5.13).
Here we briefly explain how to derive the second term in the general bosonic QK
action (5.13). While other terms are straightforwardly deduced from the superfield
action (5.5), the derivation of the coefficient of Lik is rather tricky.
For simplicity we choose γ = 1, the general case can be recovered by multiplying
all terms coming from q+a by γ. The parts of the bosonic Lagrangian we are interested
in come from the superfield expression
∼ H(q+aD−−q+a − Qˆ+rD−−Qˆ+r ), (B.1)
and are found to be
L
b
QK(L
ik) =
1
8
(
A + B + C + D + E
)
, (B.2)
A := 2L˙+−
(
f+a∂−−f+a − Fˆ+r∂−−Fˆ+r
)
, B := −L++(f+a∂−−A−a − Fˆ+r∂−−Aˆ−r ),
C := −2L−−(f+af˙+a − Fˆ+r ˙ˆF+r ), D := −2L+=(f+aA−a − Fˆ+rAˆ−r ),
E := −L++(A−a∂−−f+a − Aˆ−r∂−−Fˆ+r ). (B.3)
We omit the integral over harmonics in (B.2), but it is implicitly assumed, so we can
integrate by parts with respect to harmonic derivatives.
The term C already has the needed structure, so we apply to other terms. It will
be shown later that the term A is a total harmonic derivative. The sum of terms B,
D and E , by representing L++ = ∂++L+− and integrating by parts with respect to the
harmonic derivatives, can be reduced to the expression
B + D + E ⇒ 2L+−[A−a∂−−(∂++f+a )− Aˆ−r∂−−(∂++Fˆ+r )
− ∂−−f+a∂++A−a + ∂−−Fˆ+r∂++Aˆ−r − f+aA−a + Fˆ+rAˆ−r
]
. (B.4)
Next, we eliminate ∂++f+a , ∂
++Fˆ+r and ∂
++A−a , ∂
++Aˆ−r from the constraints (5.1), (5.2)
and (5.9), (5.10), after which (B.4) is simplified to the form
B + D + E ⇒ 2L+−[2∂−−f+af˙+a − 2∂−−Fˆ+r ˙ˆF+r − f+aA−a + Fˆ+rAˆ−r ]. (B.5)
Then, using the identity
2∂−−f+af˙+a = ∂
−−(f+af˙+a ) + ∂t(∂
−−f+af+a )
together with an analogous one for Fˆ+r, integrating by parts with respect to the har-
monic derivatives and ∂t, we transform (B.5) to the sum
2
[
L−−
(
f+a f˙
+a − Fˆ+r ˙ˆF+r
)
+ L˙+−
(
f+a∂−−f+a − Fˆ+r∂−−Fˆ+r
)− L+−(f+aA−a − Fˆ+rAˆ−r )].
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The first term in this sum is “good”, while the second one, through integrating by
parts, can be reduced to the expression
L˙−−
(
∂−−f+a∂++f+a − ∂−−Fˆ+r∂++Fˆ+r
)
.
After using the constraints (5.1), (5.2), the expression within the brackets proves to be
proportional to ∂−−X+4, with X+4 := κˆ2(w− · f+)2L +4, so this expression is a total
harmonic derivative because of the property ∂−−L−− = 0 . The same is true of course
for the term A in (B.3).
It remains to inspect the third term in the above sum. Integrating by parts, it is
reduced to
L−−
(
∂++f+aA−a − ∂++Fˆ+rAˆ−r + f+a∂++A−a − Fˆ+r∂++Aˆ−r
)
. (B.6)
We employ the constraints (5.1), (5.2) and (5.9), (5.10) once again and, finally,
make use of the relations(
1− f+a ∂
∂f+a
− Fˆ+r ∂
∂Fˆ+r
)∂X+4
∂f+b
=
(
1− f+a ∂
∂f+a
− Fˆ+r ∂
∂Fˆ+r
)∂X+4
∂Fˆ+s
= 0 , (B.7)
which are consequences of the relation (5.14). As the result, (B.6) becomes
2L−−
(
f+a f˙
+a − Fˆ+r ˙ˆF+r
)
(B.8)
and we finally obtain that, up to a total derivative,
L
b
QK(L
ik) =
1
8
(
A + B + C + D + E
)
=
3
4
L−−
(
f+a f˙
+a − Fˆ+r ˙ˆF+r
)
, (B.9)
that yields just the second term in (5.13).
C Geometry of the homogeneous QKmanifolds Sp(1, n)/[Sp(1)×
Sp(n)] and Sp(1 + n)/[Sp(1)× Sp(n)].
In this Appendix we present the basic geometric quantities for the homogeneous QK
manifold Sp(1, n)/[Sp(1)× Sp(n)] and its compact analog Sp(1 + n)/[Sp(1)× Sp(n)].
For our purposes, it will be more convenient to employ the parametrization (2.7),
in which the target metric and its inverse read
gir js = εij a grs , g
ir js = εij a−1 grs , (C.1)
with
a =
1
1− κˆ2
2
F 2
, grs = Ωrs + κˆ
2 aF trFts , g
rs = Ωrs + κˆ2 F trF st , g
rsgsu = δ
r
u. (C.2)
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The corresponding vielbeins are defined by
gir js = e
kp
ir εklΩpq e
lq
js , g
ir js = eirkp ε
klΩpq ejslq ,
e
kp
ir = δ
k
i a
1/2 e
p
r , e
ir
kp = δ
i
k a
−1/2 erp , (C.3)
e
p
r = δ
p
r + κˆ
2 a
1 + a1/2
F tpFtr , e
r
p = δ
r
p − κˆ2
a1/2
1 + a1/2
F trFtp ,
grs = e
p
r Ωpq e
q
s , g
rs = erpΩ
pq esq , e
s
p e
p
r = δ
s
r , e
p
r e
r
q = δ
p
q . (C.4)
The Levi-Civita connection for the metric (C.1),
Γlrkq js =
1
2
glr l
′r′
(
∂kqgl′r′ js + ∂jsgl′r′ kq − ∂l′r′gkq js
)
,
has the simple form
Γlrkq js = κˆ
2a
(
δljδ
r
q Fls + δ
l
kδ
r
s Fjq
)
. (C.5)
The Riemann curvature tensor,
Rlrjs iu kq = ∂iuΓ
lr
kq js − ∂kqΓlriu js + Γlriu l′r′Γl
′r′
kq js − Γlrkq l′r′Γl
′r′
iu js ,
is also easy to calculate:
Rlrjs iu kq = κˆ
2
(
δljδ
r
q gks iu + δ
l
kδ
r
s gjq iu − δljδru gis kq − δliδrs gju rq
)
, (C.6)
whence
Rlr js iu kq = −κˆ2a2
[
εljεki (grqgsu + grugsq) + grsguq(εliεjk + εlkεji)
]
. (C.7)
Using the relations (C.4), it is easy to lift (C.7) to the tangent space
R
(tg)
lr js iu kq = εljεik R(rs) (uq) + ΩrsΩuq R(lj) (ik) , (C.8)
with
R(rs) (uq) = −κˆ2
(
ΩruΩsq + ΩrqΩsu
)
, R(lj) (ik) = −κˆ2
(
εliεjk + εlkεji
)
. (C.9)
For completeness, we also present Ricci tensor and the scalar curvature
R
(tg)
(js kq) = −2(2 + n)κˆ2 εjkΩsq , R = −8n(2 + n)κˆ2 . (C.10)
The last topic will be the expression for the spin connection. It is calculated by the
general formula
ωir [jp ks] = e lq jp
(
∂ire
lq
ks + Γ
lq
ir l′r′e
l′r′
ks
)
, (C.11)
where vielbeins are defined in (C.3), (C.4). After rather tedious calculations, we obtain
the following splitting of the spin connection into its Sp(1) and Sp(n) components
ωir [jp ks] = Ωps ωir (jk) + εjkωir (p s) , (C.12)
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where
ωir (jk) = − κˆ
2
2
a
(
εijFrk + εikFrj
)
, (C.13)
ωir (p s) = κˆ
2 a
1 + a1/2
{
ΩprFis + ΩsrFip
+
κˆ2
2
a
1 + a1/2
[
Fip(F
l
sFlr) + Fis(F
l
pFlr)
]}
. (C.14)
The case of the compact QK manifold HPn = Sp(1 + n)/[Sp(1)× Sp(n)] is
recovered by the substitution κˆ2 → −κˆ2 in the formulas above.
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